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Equivalence between cell-sorting and random walk,
and their relations to
one-dimensional stochastic processes in organisms.
(Kazuhiko Minami)











$[s_{i}^{x}, s_{i}^{y}]=is_{i}^{z}$ , $[s_{i}^{y}, s_{i}^{z}]=is_{i}^{x}$ , $[s_{i}^{z}, s_{i}^{x}]=is_{i}^{y}$ . (1)
$s_{i}^{x},$ $s_{i}^{y},$ $s_{i}^{z}$
$i$ $x,$ $y,$ $z$
1/2 $s_{i}^{z}$ $|+\}$ $|-\}$ 2
1796 2012 72-80 72
uP down ( $S$ $n=2S+1$
) $s_{i}^{z}|+ \}=+\frac{1}{2}|+\rangle$ $s_{i}^{z}|- \rangle=-\frac{1}{2}|-\}$
$s_{i}^{\pm}=s_{i}^{x}\pm is_{i}^{y}$ $s_{i}^{\pm}|\mp\}=|\pm\}$ $s_{i}^{\pm}|\pm\rangle=0$
XXZ $H$ :
$H=-J \sum_{\langle i,j\rangle}(s_{i}^{x}s_{j}^{x}+s_{i}^{y}s_{j}^{y}+\triangle s_{i}^{z}s_{j}^{z})-h\sum_{i}s_{i}^{z}$
(2)
spin pair $\Delta=1$ Heisenberg
$H$ $s_{i}^{x}s_{j}^{x}+s_{i}^{y}s_{j}^{y}=(s_{i}^{+}s_{\overline{j}}+s_{i}^{-}s_{j}^{+})/2$
2 2 flip up down
XY $\gamma$ $(1+\gamma)s_{i}^{x}s_{j}^{x}+(1-\gamma)s_{i}^{y}s_{j}^{y}$
$\gamma s_{i}^{x}s_{j}^{x}-\gamma s_{i}^{y}s_{j}^{y}=\gamma(s_{i}^{+}s_{j}^{+}+s_{i}^{-}s_{\overline{j}})/2$
$H$ $s_{i}^{z}s_{j}^{z}$ $\backslash \neg$
2 1/2 Ising








$\langle s_{ij}^{z}s_{ik}^{z}\rangle_{2DIsing}=\cosh^{2}K_{1}^{*}\langle s_{j}^{x}s_{k}^{x}\rangle_{1DXY}-\sinh^{2}K_{1}^{*}\langle s_{j}^{y}s_{k}^{y}\rangle_{1DXY}$ (3)
$J_{1}$ 2 2 Ising $\beta=1/k_{B}T$



















1 XY 1 XY
$q_{BB}$ 2 Ising 1 XY
:
$\rho_{B}q_{BB}=(s_{ij}^{z}s_{ik}^{z}\rangle_{2DIsing}+\frac{1}{4}+\langle s_{i}^{z}\rangle_{2DIsing}$























$|+-++\cdots+\rangle$ $|+--+\cdots+\}$ $|+-+-\cdots+\}$ etc.
2 $p_{D}$ ( 2 pu) $p_{R}$ $p_{L}$
$2p_{D}=p_{R}+p_{L}$ $($ $2pu=p_{R}+p_{L})$
$p_{D}$ $Np_{U}=1$ $p_{D}=p_{U}=1/N$ $p_{R}+p_{L}=2/N$
$w_{i}(i=1,2,3,4)$ $0$ $p_{D\text{ }}$ Pu $p_{R\text{ }}p_{L}$ $p_{D}+w_{3\text{ }}$
$Pu+w_{4\text{ }}p_{R}+w_{1\text{ }}p_{L}+w_{2}$
$p_{D}+w_{3}=p_{U}+w_{4}= \frac{1}{N}$ , (6)
$(p_{R}+w_{1})+(p_{L}+w_{2})= \frac{2}{N}$ . (7)
$s_{N+1}^{z}\neq s_{1}^{z}$ $(j, j+1)$ $N$ $N+1$
(6) (7) $2\leq j\leq N-1$
$(j, j+1)=(1,2)$ $(N, N+1)$
$p_{R}+w_{1}=p_{L}+w_{2}= \frac{1}{N}$ . (8)
(7) (8) (6) (8)
(5)
$H= \sum_{j=1}^{N}[\rho_{R}s_{j}^{-}s_{j+1}^{+}+p_{L}s_{j}^{+}s_{j+1}^{-}+p_{U}s_{j}^{+}s_{j+1}^{+}+p_{D}s_{j}^{-}s_{j+1}^{-}$
$+ \Delta s_{j}^{z}s_{j+1}^{z}-\frac{h}{2}(s_{j}^{z}+s_{j+1}^{z})+c_{0}I+\frac{c}{2}(s_{j}^{z}-s_{j+1}^{z})]$ , (9)
$I$
$\triangle=w_{3}+w_{4}-w_{1}-w_{2}$ , $h=w_{4}-w_{3}$
$c_{0}= \frac{1}{4}(w_{3}+w_{4}+w_{1}+w_{2})$ , $c=w_{1}-w_{2}$ (10)
75
$s_{N+1}^{z}=s_{1}^{z}$ (9) $\sum_{j=1}^{N}(s_{j}^{z}-s_{j+1}^{z})=0$




uP down 2 1 1
:
(5) (6) (8)
$H_{RW}= \frac{1}{N}\sum_{j=1}^{N}\{\begin{array}{llll}1 0 0 00 1 0 00 0 0 \eta_{L}0 0 \eta_{R} 0\end{array}\}$ , (11)
$\eta_{R}/N=p_{R\text{ }}\eta_{L}/N=p_{L\text{ }}\eta_{R}+\eta_{L}=2$
$H_{RW}= \frac{2}{N}\sum_{j=1}^{N}[\frac{1}{2}(\eta_{R}s_{j}^{-}s_{j+1}^{+}+\eta_{L}s_{j}^{+}s_{j+1}^{-})+s_{j}^{z}s_{j+1}^{z}+\frac{1}{4}I]$ . (12)
$\eta_{R}=\eta_{L}=1$ (12) XXZ (2) $\Delta=1$ $h=0$
Heisenberg
[21]
$\eta_{R}\neq\eta_{L}$ $\eta_{R}\eta_{L}\neq 0$ [22]
$V= \exp[(\log q)\sum_{j=1}^{N}$ $n_{j}]$ , $n_{j}= \frac{1}{2}+s_{j}^{z}$ (13)
$[nj, s_{j}^{\pm}]=\pm s_{j}^{\pm}$
$e^{L}Ae^{-L}=A+ \frac{1}{1!}[L, A]+\frac{1}{2!}[L, [L, A]]+\frac{1}{3!}[L, [L, [L, A]]]+\cdots$ ,














MacDonald et al. asymmetric simple










$w_{3}=w_{4}=1/N$ $H$ $c$ $w_{1}$ $w_{2}$











$\eta_{R}=1-\delta$ $\eta_{L}=1+\delta$ (11) (12) ASEP
$q^{N}=1$ (13)
ASEP XXZ
$\circ$ (8) $\delta=0$ HASEP
[26][27] $i=1$ $i=N+1$






XXZ $\alpha_{1}=\beta_{N+1}=0$ $U_{q}(SU(2))$ ( [28] )
[29] $q=\sqrt{\eta_{L}/\eta_{R}}$
$q$ $q$
ASEP (14) $P(x_{1}, x_{2}, \ldots, x_{m_{p}};t)$
$t$ $\{x_{1}, x_{2}, \ldots, x_{m_{p}}\}$
$\frac{d}{dt}P(x_{1}, x_{2}, \ldots, x_{m_{p}};t)=(\Delta H_{ASEP})P(x_{1}, x_{2}, \ldots, x_{m_{p}};t)$
: - $n$
( [30] ) Kolomeisky
Fisher [31]
1 $j(j=1,2, \ldots, N+1)$ $k(k=0,1,2,$ $\ldots,$ $K-$
1 $)$ $u_{k}$ $k$
$k+1$ $w_{k}$ $k$ $k-1$ $j$ $k=K-1$
$\grave\grave$
$u_{K-1}$ $j+1$ $k=0$




$k=0$ $1$ 3 $S=1$
$S^{z}=-1$ $+1$ $0$ $2S+1=3$
$k=0$ $1$ HKF $=I+\triangle H_{KF}$ $\Delta H_{KF}$
$i$ $k=0$ $k=1$
$H_{j}^{+}=u_{0}(\{\begin{array}{lll}0 0 10 0 00 0 0\end{array}\}-\{\begin{array}{lll}0 0 00 0 00 0 1\end{array}\})$
$=u_{0}[( \frac{1}{\sqrt{2}}s_{j}^{+})^{2}-(I_{j}-\frac{1}{\sqrt{2}}s_{j}^{+}\frac{1}{\sqrt{2}}s_{j}^{-})]=u_{0}(s_{j}^{+}s_{j}^{x}-I_{j})$ .
$k=1$ $0$ $H_{j}^{-}=w_{1}(s_{\overline{j}}s_{j}^{x}-I_{j})$ $j$ $k=1$
$j+1$ $k=0$




$I_{j}- \frac{1}{\sqrt{2}}s_{j}^{\pm}\frac{1}{\sqrt{2}}s_{j}^{\mp}=\frac{1}{2}[(s_{j}^{z})^{2}\mp s_{j}^{z}]$ .






$H= \sum_{\langle i,j\rangle}J_{mn}(s_{i}^{k})^{m}(s_{j}^{l})^{n}-H^{z}\sum_{i}s_{i}^{z}-H^{x}\sum_{i}s_{i}^{x}$ , $(k, l=z, \pm)$ (15)
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